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Abstract 

We study the Yang-Mills flow on a holomorphic vector bundle E over a compact 
Kahler manifold X. Along a solution of the flow, we show the trace of the curvature 
AF(At) approaches in L 2 an endomorphism with constant eigenvalues given by the 
slopes of the quotients from the Harder-Narasimhan filtration of E. This proves a 
sharp lower bound for the Hermitian- Yang-Mills functional and thus the Yang-Mills 
functional, generalizing to arbitrary dimension a formula of Atiyah and Bott first 
proven on Riemann surfaces. Furthermore, we show any reflexive extension to all of 
X of the limiting bundle E^ is isomorphic to Gr hns (E)**, verifying a conjecture of 
Bando and Siu. 



1 Introduction 

Given a holomorphic vector bundle E, the Yang-Mills flow provides a natural approach to 
constructing Yang- Mills connections on E. Aside from their original application to particle 
physics, Yang-Mills connections are of fundamental interest due to how they reflect the 
topology of the original bundle. If X is a complex surface, then the moduli space of Yang- 
Mills connections reflects deep topological information about X (see [9]). Specifically for 
us, on a compact Kahler manifold X of general dimension, if A is a smooth Yang-Mills 
connection on E then the trace of the curvature AFa will have locally constant eigenvalues 
determined by the Harder-Narasimhan type of E. In fact any Yang-Mills connection will 
decompose E into a direct sum of stable bundles whose slopes corresponds to the slopes 
of the quotients of this natural nitration [14]. Because of this behavior one would expect 
existence of Yang-Mills connections to be intimately related to the slope and stability of 
the original bundle, and this expectation ends up being correct. 

If E is indecomposable, a Yang-Mills connection A must be Hermitian-Einstein, mean- 
ing that AFa — A/ for a topological constant A, and we know such a connection can exists 
if and only if E is stable in the sense of Mumford-Takemoto. This famous existence the- 
orem for Hermitian-Einstein connections was first proven for curves by Narasimhan and 
Seshadri [16], then by Donaldson for algebraic surfaces [6], and in arbitrary dimension by 
Uhlenbeck and Yau [23]. And while Uhlenbeck and Yau proved this Theorem using the 
method of continuity, Donaldson utilized the parabolic approach of the Yang-Mills flow, 
showing the flow converges to a smooth limit if E is stable. His approach is interest- 
ing in that it establishes a relationship between convergence of a parabolic PDE and the 
algebraic-geometric condition of stability, and this approach has been extended to many 
other cases, most notably to all smooth algebraic varieties by Donaldson [7], to Higgs 



bundles by Simpson [19], to reflexive sheaves by Bando-Siu [3], as well as an exposition by 
Siu in [21] . 

Of course if E is indecomposable and not stable, then the flow can not converge. 
The main purpose of this paper is to show that nevertheless the limiting properties of 
the Yang-Mills flow once again reflects many of the geometric properties of E, and in 
many of the same ways as does a Yang-Mills connection. In particular we generalize to 
arbitrary dimension a Theorem of Daskalopoulos and Wentworth from [4], and we briefly 
explain their result here. They show that on a Kahler surface X, along the Yang-Mills 
flow the trace of the curvature approaches in L p an endomorphism with locally constant 
eigenvalues corresponding to the Harder-Narasimhan type of E. Furthermore they prove 
that away from a bubbling set and along a subsequence, the Yang-Mills flow converges to 
a limiting Yang-Mills connection on a new bundle E^ with a possibly different topology, 
i^oo extends over the singular set, and Daskalopoulos and Wentworth prove this extention 
is isomorphic to the bundle Gr hns (E)**, the double dual of the graded quotients of the 
Harder-Narasimhan-Seshadri filtration. 

This paper builds on previous results of the author ([12], [13]) which generalize Daskalopou- 
los and Wentworth's result to semi-stable bundles over X of arbitrary dimension. Here we 
extend or work to the general case, in which E is an arbitrary holomorphic vector bundle 
over X. Equip E with a Hermitian metric H . Let Q l be the quotients of the Harder- 
Narasimhan filtration, and let it 1 denote the orthogonal projections onto the subsheaves 
of this filtration. Define the endomorphism: 

*H = X)MQ i )(T i -T i - 1 )- (1-1) 

i 

This is an endomorphism with locally constant eigenvalues determined by the slopes of the 
quotients of the Harder-Narsimhan filtration. Although the projections that make up \I/ 
are only smooth where the subsheaves of the Harder-Narasimhan filtration is locally free, 
we know they are at least in L\. We have the following theorem: 

Theorem 1. Let E be a holomorphic vector bundle over a compact Kahler manifold X . 
Given a fixed metric H and any initial integrable connection A on E, let A t be a smooth 
solution of the Yang-Mills flow starting with this initial connection. Then for all e > 0, 
there exists a time t such that for t > t , we have 

\\AF At -^ t \\ 2 L2 < e. 

The existence of such a connection for each e > is called an L 2 approximate Hermitian 
structure on E (see Definition 2 below). As an immediate consequence we get a sharp 
lower bound for the Hermitian- Yang-Mills functional ||AF(-)||^ 2 , and since this functional 
is related to the Yang-Mills functional by a topological constant, we get a sharp lower 
bound for the Yang-Mills functional as well. In fact we are able to generalize a formula of 
Atiyah and Bott from [1]. Let J 7 be a slope decreasing filtration of E, and let Q % be the 
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quotients of this nitration. Then we define: 



= I>(Q i ) 2 r*(Q i )- 

i=0 

Normalize u to have volume one, and let A be an integrable connection. We have the 
following result: 

Theorem 2. For all holomorphic vector bundles E over X the following formula holds: 

inf ||AFa|||2 = sup^J 7 ) 2 . 

We note that the supremum on the right is attained by the Harder-Narasimhan filtra- 
tion of E. This formula is the higher dimensional generalization of a formula first proven 
on Riemann surfaces by Atiyah and Bott in [1]. We also direct the reader to the paper 
of Donaldson [8] , in which he states the Atiyah-Bott formula and proves a generalization 
relating the Calabi functional to test configurations. 

We now explain our main result, which is an identification of the limit of the Yang-Mills 
flow. First, given a sequence of connections Aj along the Yang-Mills flow, we define the 
analytic bubbling set: 

Z an = P\{x e X | liminf r 4 ~ 2n [ \F(A 3 )\ 2 u n > e}. 

r>0 -W) 

This set is the same singular set used by Hong and Tian in [11]. Our complete result is as 
follows: 

Theorem 3. Let E be a holomorphic vector bundle over a compact Kahler manifold X . 
Let A t be a connection on E evolving along the Yang-Mills flow. Then there exists a 
subsequence of times tj such that on X\Z an , the sequence A t . converges (modulo gauge 
transformations) in C°° to a limiting connection Aoq on a limiting bundle E^. Eoq extends 
to all of X as a reflexive sheaf E^ which is isomorphic to the double dual of the stable 
quotients of the graded Harder-Narasimhan-Seshadri filtration, denoted Gr hns (E)** , ofE. 

In [11], Hong and Tian prove that away from Z ani a subsequence along the Yang-Mills 
flow Aj converges smoothly to a limiting Yang-Mills connection on a limiting bundle E^. 
They also prove that Z an is a holomorphic subvariety of X, although we do not utilize 
this result. By the work of Bando and Siu [3], we know E^ extends to all of X as a 
reflexive sheaf E^. In this paper we construct an explicit isomorphism between E^ and 
Gr hns (E)** , verifying a conjecture of Bando and Siu from [3]. 

Here we remark that the results of this paper are not a full generalization of the work 
of Daskalopoulos and Wentworth. In [5], the authors prove that the bubbling set Z an is 
in fact equal to the singular set of Gr hns (E), in other words they show the Yang-Mills 
flow bubbles precisely where the sheaf Gr hns (E) fails to be locally free. While this is 
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an extremely amazing and attractive fact, as of yet we can not generalize it to higher 
dimensions. 

Here briefly describe the proof of our main results. Our first step is to construct an 
L 2 approximate Hermitian structure on E, using a similar method to that of [12]. We 
begin by defining a new relative functional on the space of Hermitian metrics, denoted 
P(H ,H), which is closely related to Donaldson's functional (see [6], [19], [21]). For a fixed 
metric H , the P-functional is designed so that if H t is a smooth path of metrics, then the 
derivative of the P-functional along this path is given by: 

d t P(H ,H t )= [ Tr((AF - ^l)H^dtH t )u n . 
Jx 

We then show that along a solution of the Donaldson Heat flow, the following inequality 
holds: 

||AF-#||£ 2 < -d t P(H ,H t ). 

If P(H ,H t ) is bounded from below, then \\AF — ^\\ 2 L i is integrable in time from zero 
to infinity. This shows ||AF — ^\\ 2 L2 goes to zero along a subsequence, which along with 
a simple differential inequality proves an L 2 approximate Hermitian structure is realized 
along the Donaldson heat flow. The lower bound the P-functional is the difficult step, 
and is proven in a similar fashion to the lower bound of the Donaldson functional for 
semi-stable bundles [12]. The key difficulty lies in adapting the blowup procedure from 
[12] to regularize the quotients of the Harder-Narasimhan filtration. We show the value of 
the functional is preserved during this regularization, and take advantage of the fact that 
on the regularized filtration the P-functional decomposes into positive terms plus the sum 
of the Donaldson functionals on the quotients of the filtration. We know the Donaldson 
functional is bounded below on the semi-stable quotients, and thus the P-functional is 
bounded below. 

Once we have established the existence of an L 2 appoximate Hermitian structure along 
the Donaldson heat flow, we show such a structure is also realized along the Yang-Mills 
flow, proving Theorem 1. Theorem 2 follows. The proof of Theorem 3 requires explicit 
construction of an isomorphism between E^ and Gr hns (E)**, which is quite similar to the 
construction of an isomorphism from [13] in the case of semi-stable bundles. In our general 
case, we use Theorem 1, in combination with a modification of the Chern-Weil formula, 
to produce the necessary estimates needed for the second fundamental forms associated 
to the Harder-Narasimhan filtration go to zero in L 2 . This proves that in the limit we get 
a holomorphic splitting of E^ into a direct sum of semi-stable quotients. Now, utilizing 
an idea which goes back to Donaldson in [6] (and is used by Daskalapolus and Wentworth 
in [4]), we can show the holomorphic inclusion maps of the subsheaves from the filtration 
into E converge to limiting holomorphic maps. Following a stability argument from [14] 
these limiting maps can be shown to be isomorphisms. Fortunately for us much of the 
hard analysis for this step was carried out by the author in [13], and we refer the reader 
to this reference for all relevant details. 
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The outline of the paper is as follows. In Section 2 we provide preliminary results on 
holomorphic vector bundles and torsion-free sheaves. We also introduce the Yang-Mills 
flow, providing important framework for later sections. We introduce the P-functional 
in Section 3, and prove it is bounded from below using the regularization of the Harder- 
Narasimhan filtration. In Section 4 we prove the existence of an L 2 approximate Hermitian 
structure on E, proving Theorem 1 and Theorem 2. In Section 5 we construct an isomor- 
phism between Gr hns (E)** and E^, proving Theorem 3. 
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2 Preliminaries 

2.1 Vector bundles and natural fi It rat ions 

In this section we introduce our notation and some basic facts about holomorphic vector 
bundles. Let X be a compact Kahler manifold of complex dimension n. Locally the Kahler 
form is given by: 

1 

u = -^Qkjdz 1 Adz k , 

where g k j is a Hermitian metric on the holomorphic tangent bundle T 1,0 X. Let A denote 
the adjoint of wedging with u>. If rj is a (1, 1) form, then in coordinates Ai] = —ig^rj^j. 
The volume form on X is given by u n , and throughout this paper we normalize uj so that 

Is-' 

Let E be a holomorphic vector bundle over X. Given a metric H on E, there exists a 
natural connection which we call the Unitary- Cher n connection. Given a section of E, 
this connection can be written down explicitly in a holomorphic frame: 

v- k r = d- k r = + H a ?d 3 H h f 

The curvature of this connecion is the following endomorphism valued two-from: 

F := l -F- kj a 1 dz j Adz k , 
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where i%- Q 7 = —d^(H al3 djH^). We can now compute the degree of E, which we define 
as follows: 



deg(E) := [ Tr(AF) u n . 
Jx 



Because X is Kahler this definition is independent of the choice of metric H on E. The 
slope of the vector bundle E is defined to be the following quotient: 

_ degjE) 
~ 7k(E)' 

Given a torsion-free subsheaf J 7 C E, we can view J 7 as a holomorphic subbundle off 
the singular set where J 7 fails to be locally free. We know from [14] that is 

a holomorphic subvariety of X of codimension at least two. Then on X\Z(J r ) we have a 
metric on the bundle J 7 induced from the metric H on E, and the curvature of this metric 
is at least in in L 1 [12]. Thus the degree and slope of the subsheaf J 7 can be defined in the 
same was as E, by just computing away from the singular set Z[T). 

We say E is stable if /^(J 7 ) < (J*(E) for all proper torsion free subsheaves J 7 C E. E 
is semi-stable if ^(J 7 ) < fi{E) for all J 7 C E. Since throughout this paper we have no 
stability assumptions on E, we will need the following proposition, a proof of which can 
be found in [14]. 

Proposition 1. Any torsion-free sheaf E carries a unique filtration of subsheaves : 

= S° C S 1 C S 2 C • • • C S p = E, (2.2) 

called Harder-Narasimhan filtration of E, such that the quotients of this filtration Q l = 
gyc^-i are torsion-free and semi-stable. The quotients are slope decreasing fJ,(Q l ) > 
fi(Q t+1 ), and the associated graded object Gr hn (E) := 0jQ* is uniquely determined by the 
isomorphism class of E. 

Let f 1 denote the holomorphic inclusion of the sheaf S l into E. Also, let ir l denote the 
orthogonal projection of E onto S l with respect to H . We note this projection is defined 
where S l is locally free. 

We also need an analogous filtration for semi-stable sheaves. For a torsion-free sheaf 
Q which is semi-stable but not stable, we can always assume there is at least one proper 
subsheaf J 7 of Q such that ^(J 7 ) = /jl(Q). In general there may be many such subsheaves. 

Definition 1. Given a semi-stable sheaf Q, a Seshadri filtration is a filtration of torsion 
free subsheaves 

C S° C S 1 C • • • C S q = Q, (2.3) 
such that fi(S l ) = /x(Q) for all i, and each quotient Q l = S^S 1 " 1 is torsion-free and stable. 

While such a filtration may not be unique, we do have the following proposition, once 
again from [14]. 



6 



Proposition 2. Given a Seshadri filtration of a torsion free sheaf Q, the direct sum of 
the stable quotients, denoted Gr s (Q) := ^ { Q\ is canonical and uniquely determined by 
the isomorphism class of Q. 

Given our initial holomorphic vector bundle E, let Q k denote the fc-th quotient of the 
Harder-Narasimhan filtration. Then Gr s (Q k ) can be denoted by Putting these 

two propositions together, there exists a double filtration of E such that the corresponding 
graded object: 

Gr*"(S):=00Qi 

k i 

is canonical and depends only on the isomorphism class of E. We now define the algebraic 
singular set of E as 

Z alg :={xeX \Gr hns {E) x is not free}. 

Since the sheaf Gr hns (E) is torsion-free, we know Z a \ g is of complex codimension two. 
Finally, let r be the rank of E. We construct an r-tuple of real numbers: 

(MQ 1 ), • • • , KQ 1 ), MQ 2 ), • • • , KQ 2 ), • • • , KQ P ), • • • , »(Q P )), 

where the multiplicity of each number ^(Q % ) is determined by rk(Q l ). We call this r-tuple 
the Harder-Narasimhan type of E. Now, recall from (1.1) the endomorphism ^ h, whose 
eigenvalues are defined to be the Harder-Narasimhan type of E. We note the dependence on 
the metric H comes from metric dependence on the orthogonal projections ts % : E — > S l . 

Definition 2. We say E carries an LP approximate Hermitian structure if for all e > 0, 

there exists a metric H on E such that: 

\\AF - ^ h \\lp < e. 
2.2 Decomposition onto subsheaves 

In this subsection we address subsheaves of E. Let S C E be a proper, torsion-free 
subsheaf, which we include in the following short exact sequence: 

— > S — E -£->• Q — ► 0, (2.4) 

where we assume that the quotient sheaf Q is torsion free. Define the singular set of Q by 
Z(Q) := {x e X \ Q X is not free}. Then on X\Z(Q), we can view (2.4) as a short exact 
sequence of holomorphic vector bundles. Here, a smooth metric H on E induces a metric 
J on S and a metric K on Q. For sections ip, <fi of S, we define the metric J as follows: 

(M)j = (m,m) H . 

In order to define the smooth metric K on Q, we note that the choice of H on E defines 
a splitting of (2.4): 

< — S E <r^— Q < — 0. (2.5) 
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For sections v,w of Q, we define the metric K as follows: 

(v,w) K = (p ] (v),p\w)) H . 

Definition 3. On X\Z(Q) both S and Q are holomorphic vector bundles. We define an 
induced metric on either S or Q to be one constructed as above. 

Once we have sequence (2.5), the second fundamental from 7 e T(X, A°' 1 ^)Hom(Q, S)) 
is given by: 

7 := 8 o pt. 

We know that for any q G T(X\Z(Q),Q), 7(g) lies in S since p is holomorphic and 
p o pt — / ) thus p(8 o p^(q)) = 0. Now, because the maps / and p vanish on Z(Q), 
any induced metric will degenerate or blow up as we approach the singular set, causing 
curvature terms to blow up. However, as proven in [12], we know the second fundamental 
from 7 is at least in L 2 . As we can see from (2.5), ir is the orthogonal projection from E 
onto the S, which once again is only defined where S is locally free. Since pt o p = I — ir, 
we have 7 op = d(jr) op = d(p* op) = 8(1 — ir) = —8n. Thus ||7||^2 = ||<97r||^ 2 , and 
7r e Lf. Conversely, as proven by Uhlenbeck and Yau in [23], any weakly holomorphic 
projection defines a coherent subsheaf of -E 1 . Thus later on in the paper we will go back 
and forth between working with a subsheaf S and the L\ projection n that defines the 
subsheaf. 

We now turn to the decomposition of connections and curvature onto subbundles and 
quotient bundles, which is described in detail in [10]. Because of their prominence through- 
out the paper, we review some of these decomposition formulas here. We continue to work 
on X\Z(Q). Let V 5 and V Q be the unitary-Chern connections on S and Q with respect 
to the metrics J and K. In a local coordinate patch, any section $ of E decomposes onto 
the bundles S and Q, denoted $ = <fi + q. We now have the following decomposition of 
the unitary-Chern connection V: 

Now, denote the curvature of the induced metric J by E s and the curvature of the induced 
metric K by F Q . The full curvature tensor F decomposes as follows: 

w(1 + #*-*a 7 )(9- (2 ' 7) 

2.3 The Yang-Mills flow 

In Section 2.1 we computed the curvature of the unitary-Chern connection, simply denoted 
F, with respect to a fixed metric H . We now allow for more general connections A on E. 
Every connection is an endomorphism valued 1-form, and hence will decompose into (1,0) 
and (0, 1) parts since X is a complex manifold. So A = A' + A", where A" represents the 
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(0, 1) part of A. Define d A := d + A' and <9 A := 9 + A". We say A is integrable if ^ = 
(thus A defines a holomorphic structure), and we denote the space of integrable unitary 
connections by A 1 ' 1 . The curvature of such a connection only has a (1, 1) component, and 
is defined by: 

F A :=dA' + OA" + A" A A' + A' A A". 
The Yang-Mills functional YM : A 1,1 — > R can now be expresed: 

YM(A) := \\F A \\ 2 L2 . 

On a general complex manifold, the Yang-Mills flow is the gradient flow of this functional, 
and is given by: 

A = -d\F A . 

However, because we are on a Kahler manifold, Bianchi's second identity (d A F A = 0) and 
the Kahler identities allow us to express d* A F A in a simpler form: 

d\F A = d* A F A + d* A F A 

= i[A,d A ]F A -i[A,d A ]F A 
= —id A AF A + id A AF A . 

Thus the Yang-Mills flow can be expressed as: 

A = id A AF A - id A AF A . (2.8) 

From this formulation one can check that the Yang-Mills flow stays inside A 1,1 if we start 
with an integrable connection. 

In fact our approach to the Yang-Mills flow can be developed further. We follow the 
viewpoint taken by Donaldson in [6]. For details we refer the reader to [6], and just 
present the setup here. First we define the Donaldson heat flow. Recall we have fixed an 
initial metric H Q on E. Any other metric H defines an endormphism h G Herm + (E) by 
h = Hq 1 H. The Donaldson heat flow is a flow of endomorphisms h = h(t) given by: 

hr x 'h = —(AF — ill), 

where F is the curvature of the metric H(t) = H h(t). We set the initial condition 
h(0) = I. A unique smooth solution of the flow exists for all t G [0, oo), and on any stable 
bundle this solution will converge to a smooth Hermitian-Einstein metric [6], [7], [19], [21]. 
In our case E is not stable, so we do not expect the flow to converge. However, it is useful 
in that it allows us to construct a solution to the Yang-Mills flow. 

Working in a unitary frame with respect to Hq, let Aq be an initial connection in A 1,1 . 
We have the decomposition Aq = A' + Aq. Now, starting with our initial holomorphic 
structure d — d + Aq, we consider the flow of holomorphic structures d t — d + A", where 
A" is defined by the action of w — h l l 2 on A'q. Explicitly, this action is given by: 

A'l = wA'qW- 1 - Bww- 1 . (2.9) 
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Using this flow of holomorphic structures and H to define a flow of unitary connections 
A t , one can check that A t evolves by the Yang-Mills flow. Conversely, any path in A 1,1 
along the Yang-Mills flow defines an orbit of the complexified gauge group, which gives 
rise to a solution of the Donaldson heat flow. We note that given this setup, the curvature 
of F along the Donaldson heat flow is related to the curvature Fa along the Yang-Mills 
flow by the following relation: 

F A = wFw-\ (2.10) 

We now state the convergence result of Hong and Tian from [11]. Consider a sequence of 
connections Aj evolving along the Yang-Mills flow. Then, on X\Z an , along a subsequence 
the connections Aj converge in C°°, modulo unitary gauge transformations, to a Yang- 
Mills connection A,^. Thus, always working on X\Z an , we have a sequence of holomorphic 
structures (E, dj) which converge in C°° to a holomorphic structure on a (possibly) different 
bundle (E^^doo). By the work of Bando and Siu, the bundle {E^doo) extends to all of 
X as a reflexive sheaf E^. Once again the main goal of this paper is to identify E^ with 
Gr hns (E)** , proving this limit is canonical and independent of subsequence. 



3 The P-functional 

We now begin the proof of Theorem 1, starting with the construction of an L 2 approximate 
Hermitian structure on E. First we introduce the P-functional and describe some basic 
properties. 

Fix an initial metric Hq on E. Then for any other metric H we can define the endo- 
morphism h = Hq 1 H. Consider any path ht in Herm + (E), t E [0, 1] such that ho = I 
and h\ = h. The P-functional is defined by: 

P(H ,H) = [ [ Tr((AF t -*t)K 1 h t )u> n dt, 
Jo Jx 

Where F t is the curvature of the metric H t = H h t . The above integral converges, for even 
though the projections n % that make up ty t are only defined on X\Z a i g , we know that they 
are at least in L\ [12]. We now check the P-functional is well defined independent of path. 

Proposition 3. The P-functional is path independent for any pair of metrics H Q , H on 
E. 

Proof. We note that the first term 

/ / Tr{KF t h-%)u n dt, 
Jo J x 

appears in the Donaldson functional and is thus path independent (for a proof we refer 
the reader to [20]). Therefore we turn our attention to the second term: 

f [ Tr(%h^ 1 h t )u n dt = y t n(Q i ) f [ ^l-^h^hA^dt. 
Jo Jx i Jo Jx 
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Note that Tr(7r|/i t _1 /i t ) = Tr (nih^htfnfi = Tr^/i^f ), where ^h^'htf is now an 
endomorphism of the bundle S l . We need the following lemma. 

Lemma 1. Dropping the subscript t for simplicity, we have: 

where Jq, J 1 are the induced metrics on the subbundle S l defined by H and H , and h l is 
the endomorphism of S l defined by h l = (Jq) _1 J\ 

Proof. First we note that h h can be defined using the derivative of the metric H: 

d t (; ; )h = d t (h(-), ■, ) Ho = (h(-), •, > Ho = (h' 1 ^-), •, ) H - 
Thus for any two sections ij), <fi of S\ we define (h 1 )^ 1 }! 1 by: 

dt^ftji = {(h i )- 1 h i 1>,<j>)ji. 
However by definition of the induced metric we have 

concluding the lemma. □ 

Of course the lemma is only true where S l is locally free, thus we restrict ourself to 
X\Z alg . On this set we have Tr(7r|/i t _1 /i t ) = ^((/ij)" 1 ^) = d t log det(/ij), so 



/ / Triirih^ht) u n dt = [ [ Tr(ir u n dt 

Jo J x Jo Jx\z alg 

= [ d t [ logdet(^)w n rft 
Jo Jx\z n ,„ 



L 



' X\Z atg 

logdet(/4)u/\ 



X\Z a lg 

Thus the integral is path independent. □ 

The goal of the next few subsections is to prove the following Theorem: 

Theorem 4. For a fixed reference metric H , the functional P(H , H) is bounded below 
for all other Hermitian metrics H . 

This theorem is major step in the proof of Theorem 1. As a first step towards its proof 
we must regularize the Harder-Narasimhan filtration. 
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3.1 Regular izat ion of the Harder-Narasimhan filtration 

In this section we go over our sheaf regularization procedure, which we then expand upon 
in order to regularize the Harder-Narasimhan filtration. Although the basic regularization 
procedure can be found entirely in [12], we review it here for the readers convenience. 

Consider the short exact sequence of sheaves (2.4). Here E is locally free and Q torsion 
free. Suppose S has rank s, E has rank r, and Q has rank q. After choosing coordinates, 
off of Z(Q) we view / as a r x s matrix of holomorphic functions with full rank. Since 
Z(Q) is a subset of codimension 2 or more, we can extend / over the singular set to get 
a matrix of holomorphic functions defined on our entire coordinate patch. On points in 
Z(Q) the rank of / may drop, and it is exactly this behavior that we need to regularize 
before we can carry out the analysis in later sections. 

Let Zk be the subset of Z(Q) where rk(f) < k. For the smallest such k, on Zk we can 
choose coordinates so that / can be expressed as 



./ 



h 
g 



where g vanishes identically on Zk- Blowing up along Zk by the map n : X — > X, 
we choose coordinate patches {U a } on X. On a given coordinate patch let w define the 
exceptional divisor. Then the pullback of / can be decomposed as follows: 

h \ / I k 



^losJl»^j' (3 ' U) 

where a is the largest power of w we can pull out of n*g. Denote the matrix on the left 
of (3.11) as / and the matrix on right as t. We would like to define S as the image of the 
sheaf S under the map t. Explicitly, we note that off of tt~ 1 (Z(Q)), n*S is a holomorphic 
vector bundle with transition functions so that for a section ip p of vr*^, 

V\u a = $a/ 7 ^ 7 |^- 

With this, the transition functions {^ a p} of S can be expressed as: 

ID a i 

$a/ 7 = -V*«A. 
W/3 a P 

Here a 7 is equal to if 7 < k or a if 7 > k. Although these transition functions may blow 
up as we approach 7i" 1 (Z(Q)), they are useful in understanding how the map t twists up 
S. Now the map / defines a new holomorphic inclusion of the sheaf S into the bundle 
n*E, with a new quotient Q. Of course, the rank of / may still drop, but one of two things 
has happened. Either rk(f) > k on 7r*(Zk), or for all x G Zk, if m x is the maximal ideal at 
the point x, then the smallest power p such that sits inside the ideal generated by the 
vanishing of g is smaller than that of g. In either case we have improved the regularity of 
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/. After a finite number of blowups we can conclude that rk(f) > k everwhere. Thus we 
can next blowup along Z k+ i and continue this process until the rank of / does not drop. 

After a finite number of blowups we have that the map / is holomorphic and has 
constant rank on X. It defines a holomorphic subbundle S of n*E with holomorphic 
quotient Q. We note that this procedure is consistent with another viewpoint found in 
Uhlenbeck and Yau [23] . In their paper they view a torsion free sheaf locally as a rational 
map from X to the Grassmanian Gr(s,r) (this is our map /). By Hironaka's Theorem 
we know this map can be regularized after a finite number of blowups. We follow our 
procedure in order to find coordinates which let us keep track of how that map changes at 
each step, and in doing so we can work out how the induced metrics on S and Q change 
during each step. 

We now turn our attention to the Harder-Narasimhan filtration of E (2.2). Recall that 
/' : S l — > E denotes the holomorphic inclusion of S 1 into E, and let l % : S 1 — > S l+1 
be the holomorphic inclusion of each subsheaf S l into the the corresponding sheaf of next 
lowest rank S l+1 . Then we have that f p ~ l = Z p_1 , f p ~ 2 = P" 1 o Z p_2 , and in general 
p _ jp-i . . . Q ji rj Q re g U i ar j ze this filtration, we begin by regularizing each subsheaf, 
starting with S 1 and then working with subsheaves of successively higher rank. We describe 
the process as follows. 

Given S l from the filtration, for each % we have a sequence of blowups 7Tj : X 1 — > X l ~ l 
and a corresponding holomorphic inclusion map f l : S l — > Tt*E such that the rank of 
/' does not drop. From (3.11) we have that /' is defined by it*f l = f l o t, where t is 
some diagonal matrix of powers of the exceptional divisor. Since f l = / p_1 o • • • o l\ and 
f l = TCi*f l o t~ l , we can define l l := ti^I 1 o t~ l . Because after a finite number of steps the 
rank of f % does not drop, we have know the rank of l l does not drop, thus 

— )■ (TTi+i)*^ S l+1 

defines a holomorphic inclusion of vector bundles, and the regularized quotient Q t+l is a 
holomorphic vector bundle. Following this construction for all % we have a finite sequence 
of blowups that regularizes each sheaf in the Harder-Narasimhan filtration of E, such that 
the quotients Q l are all locally free. Summing up we have proved the following proposition: 

Proposition 4. Given a holomorphic vector bundle E over a complex- Hermitian manifold 
X, let 

= S° c S 1 c S 2 c • • • c S p = E 

be the Harder-Narasimhan filtration of E. The inclusion maps l l : S 1 — > S l+1 can be 
defined by matrices of holomorphic functions with transition functions on the overlaps. 
Then there exists a finite number of blowups 

V nN v V TJV-1 VT2 -Tr ^1 -\r 

si-N r -A-N—i r • ■ ■ r Aj r .A, 

and matrices of holomorphic functions l\ over X k with the the following properties: 
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i) On each Xk there exists coordinates so that if w defines the exceptional divisor, there 
exists a diagonal matrix of monomials in w ( denoted t) so that 

K-A-i = l l ot - 

ii) The rank of l l N is constant for each i, thus it defines a holomorphic subbundle of 
S t+1 with a holomorphic quotient bundle. 

3.2 Transformation of key terms 

We now turn our attention back to Theorem 4. We prove this theorem by changing the 
form of the P-functional and writing it as a sum of objects which we know are bounded 
from below. First we recall the definition of the Donaldson functional on a vector bundle 
E: 

M(H ,H,uj)= [ [ ^{Fth^dtht) Au^dt- n{E) [ logdet(/n) u n , 
Jo Jx Jx 

where once again h t is any path in Herm + (E) with ho — I and hi = H^H, and F t is 
the curvature of the metric H t := H h t along the path. Here we introduced uj as input 
into the functional to show its dependence on a volume form. Now, if we let Mj(if , H,cu) 
denote the Donaldson functional on the quotient sheaf Q % with induced metrics from E, 
then we will prove that: 

P(H ,H) = M t (H ,H,u) + \\Y\\ 2 L2 - 1 1 7 £||| 2 . (3.12) 

i 

Here 7* is the second fundamental form of the short exact sequence: 

— ► S 1 - 1 — )• S l — > Q l — )• 0, 

associated to the metric H, and Y is the second fundamental form associated to H . Thus 
to prove Theorem 4 we have to complete two steps. First we show that all the terms in 
(3.12) are well defined for induced metrics on the sheaves Q l , and secondly we need to 
show that the functional does indeed satisfy the decomposition (3.12). In this subsection 
we will focus on showing all the terms are well defined. 

From Section 3.1 we recall that there exists a regularized Harder-Narasimhan filtration 

= S° C S 1 C • • • C S 11 - 1 CS P = n*E, 

such that the rank of the holomorphic inclusion maps f l does not drop on X (here 71 : 
X — > X is the sequence of blowups needed to construct the regularization). So given 
ir*H on ir*E, the smooth induced metric on S l is defined by: 
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Also, because the rank of l % : S l — > S l+1 does not drop, we have an exact sequence of 
holomorphic vector bundles: 

— > S l S t+1 Q i+1 — > 0. (3.13) 

The metric J l+l gives a splitting of the short exact sequence: 

1—!? ^— S i+1 ^— Q i+1 <— 0, (3.14) 
and it follows that the metric Kp a on Q l+1 defined by: 



K- Pa := (/n^vi 

is smooth. 

Our main concern is that the integrals that make up each term in (3.12) might not 
be finite, which is a reasonable concern because along Z a i g , curvature terms will blow up. 
We show these terms are in fact controlled by using formulas describing the change during 
each step in the regularization procedure, and prove that in fact the desired terms do 
not change during regularization. So if we are working with the regularized filtration the 
induced metrics are smooth, and since the manifold is compact each term will be finite. 

We recall the following proposition from [12]: 

Proposition 5. Consider a single blowup from the regularization procedure n : X — > X . 
Let J and K be induced metrics on S l and Q l , respectively. Then if w locally defines the 
exceptional divisor, there exists natural numbers a a so that: 



Using this proposition we can compute how the induced curvature changes. For simplic- 
ity we restrict ourselves to working with K on the quotient Q\ and denote the curvature 
of K by F. A similar formula holds for induced metrics on S % . 

Corollary 1. Consider a single blowup from the regularization procedure tc : X — > X , 
and let w locally define the exceptional divisor. Then the following decomposition holds in 
the sense of currents 

7r*Tr(F) = ^a a <9<91og|uf + Tr(F). 

a 

For a proof of this we again refer the reader to [12]. In Section 2.2 we saw how curvature 
decomposed onto sub and quotient bundles, thus we have the following formula: 

F Qi = F si \qi + 7*^ A 7* 

Using the projection A 2 " 1 from (3.14), we see: 

Tr ( 7 if A 7 l ) A u^ 1 = Tr (F Ql ) A w"" 1 - Tr ((/ - A 1 " 1 ) o F s% ) A w"" 1 
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In Proposition 4 from [12] it is shown that A* 1 does not change during regularization. 
Because <9<91og|-u;| 2 is supported along the exceptional divisor, and 7r*w n_1 degenerates 
there, it follows that Tr (7^ A 7*) A w"" 1 does not change at any step in the regularization 
procedure, thus 

Tr ( 7 lt A 7 l ) A cu 11 ' 1 = Tr (ft A f ) A n*u n -\ 

Integrating both sides of this last equation proves ||7*||^ 2 = 1 17*11^2- 

Next we show that the Donaldson functional Mi(Ho, H, u) is well defined on any quo- 
tient sheaf Q l arising from the filtration. Given a blowup map 7r : X — > X, one can also 
define the Donaldson functional on a vector bundle over X by integrating with respect to 
the degenerate metric n*u. Since ir*u is closed the functional will still be independent of 
path. We define the Donaldson functional on the sheaves Q % as follows: 

Definition 4. For any quotient sheaf Q l arising from the Harder-Narasimhan filtration of 
E, we define the Donaldson functional on Q l to be: 

Mi(H Q ,H,u) := Mq(K ,K,it*cu), 

for any regularization Q\ 

Here Mq(K , K ,tt*uj) is the Donaldson functional for the vector bundles Q defined 
using the degenerate metric tt*uj. We note that the domains of the functionals Mj are 
metrics on the vector bundle E, thus this definition only applies to induced metrics and 
does not extend to arbitrary metrics on Q\ The following proposition proves that this 
definition is well defined. 

Proposition 6. For each i the functional Mj is well defined for any pair of metrics on E, 
and is independent of the choice of regularization. 

For a proof we direct the reader to Proposition 5 from [12]. Immediately we see the 
P-functional is well defined on the subsheaves S % as well, and that its value is independent 
of regularization. Now all three terms on the right hand side of (3.12) are well defined for 
induced metrics on the quotient sheaves Q l . The next step is to show that the decompostion 
formula does indeed hold. 

3.3 Decomposition of the P-functional 

In this section we prove decomposition (3.12). We begin by considering the proper subsheaf 
of highest rank in the filtration, S^ 1 . In the proof of Proposition 3, we found the following 
formula for P: 

P(H ,H)= f f Ti{AF t h^h t )u n dt- Y^fi(Q l ) [ (logdet^D-logdet^f 1 ))^, 
Jo Jx i Jx 
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Where h l is the endomorphism defined by induced metrics J l and Jq on S l . Dropping the 
subscript t, we note that by Proposition 6 we have: 



I [ TriAFh- 1 }!)^ 1 = [ [ Tr(7T*(AFh~ 1 h))'K*uj n , 
Jo Jx Jo J X 

Where 7r : X — > X, is a sequence of blowups which regularizes the Harder-Narasimhan 
filtration. Now, the regularized S^ 1 and Q p are holomorphic subbundles and quotient 
bundles of n*E, and with the metric n*H we can identify the following splitting: 

<— S?- 1 i n*E Q p <— 0. 



Following Section 2.2 we have the decomposition of curvature: 
AF = 



n*g^V kl ] AF^ P - 7r*g^] Tk 



Define V '■= — p\- Using the description of h 1 h from the proof of Lemma 1 we can see 
how h~ x h decomposes: 



Here (h 1 h) p 1 and (h 1 h) p are the induced endomorphims on S p 1 and Q p . Thus we now 
have: 

Tr(7r*(AF/i _1 /i)) = Tr (AF^ pl (/i _1 /i) p_1 + 7r*AF^ P (/i _1 /i) p ) + 

^/ k TT{ Tkl Uh- l hf- 1 - V jTk Vi - V kl ]V - ih-kih-'hf) 



We note now that the term: 



Tr(n*AF® P (h- l h) p )iT*Lj n , 



o Jx 



combines with: 

-fi(Q p ) I (logdet(/i 1 ) -logdet^r 1 ))^", 



to give M p (H , H,u). Also the term: 

Tr(7T*AF s ' P ~ 1 (h' 1 h) p ^ 1 )b*n n , 



o Jx 

combines with 

p-i /.i 



i=1 Jo Jx 
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To give P\. p _ 1 (Ho, H). Thus the remaining term to identify is 
Jo Jx 

Now, since 7 S = d~ k p\ we have 7 S = d t (Tk ~ ilk)o) = d t (d- k (p^ - p\)) = W~ k V. Thus we can 
integrate by parts to get: 

T / ^/ k TT{ Tkl }{h~ l hf- 1 + 7 5 7] + i]i- k - i^-kih-'hy)^ dt. 

Jo Jx 

Consider the following formula, which can be found in [6]: 

9 t ( 7 ])=7] + 7](^r 1 -(^ 1 ^7]- 
The final term now becomes: 

f f d t (n*/ k Tr( Tkl })n*u n )dt = \\^\\ 2 L2 - || 7o P ||i 2 . 
Jo Jx 

This completes the first step of the decomposition. We can continue the process on 
P\ §p _ 1 (H , H) to prove the desired decomposition formula (3.12). We are now ready to 
prove Theorem 4. 

Proof. By (3.12), we know the P-functional is the sum over all i of three terms. The two 
second fundamental form terms are bounded below since ||7*||^ 2 is positive and — 1 1 "To 1 1 
is fixed and only depends on our initial metric Hq. To see that Mi(Ho, H,cu) is bounded 
below, notice that this functional is equivalent to the Donaldson functional defined on 
some regularization Q l . This regularization is a holomorphic vector bundle over X, and is 
semi-stable with respect to the pull back form ti*uj. Thus this last term is bounded from 
below by the proof of Theorem 3 from [12]. 

□ 

4 An L 2 approximate Hermitian structure 

We are now ready to construct an L 2 approximate Hermitian structure on E along the 
Yang-Mills flow, proving Theorem 1. Recall that we defined the P-functional so that if H t 
is a family of metrics on E, then 

d t P(H ,H t )= [ Tr((AF - ^)H^d t H t )u n . 
Jx 

We use the lower bound on the P-functional to show then E admits an L 2 approximate 
Hermitian structure along the Donaldson heat flow. We then show the existence of such a 
structure along the Donaldson Heat flow shows one exists along the Yang Mill flow. 

First we need the following proposition, which gives one inequality in the proof of the 
Atiyah-Bott formula. 
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Proposition 7. For any connection A G A 1 ' 1 , we have: 

11*111* < I|AFa|| £2 . 

The proof of this result is similar to the proof of Corollary 2.22 in [4]. We include the 
details here for the reader's convenience. As a first step, we compute the square of 

v^JXQOV-TT*- 1 ). (4.15) 

i 

To see this, note for any k > 0, we have T\ l ~ k TX l = ix % 7x % ~ k = n l ~ k since the subbundles are 
ordered by inclusion. Thus (n l — tt 1 ^ 1 ) 2 = n %2 — tx'^tx' 1 — tx' 1 ^ 1 + tx 1 ^ 2 = ix l — 7r l_1 . Also, 
all the cross terms in ty 2 H vanish, since 

( ^i-k ^i—k—l\(„i ^i— 1\ f'i~ki^i ^i— 1\ ^i—k—\(^i -i-Vw 

[71 —71 ){7T — IX ) = [7T [71 — 7[ )— IX [7V — 7V J J 

= {it 1 '* - TT*"* ~ TX 1 ^- 1 + TX^- 1 ) 

= 0. 

This proves (4.15). 

Now, let r be the rank of E. Recall the Harder-Narasimhan type of E: 

fl:= (n u ...,Hi,...,n r ) = (^(Q 1 ),...,^(Q 1 ),/i(Q 2 ),...,/i(Q 2 ),...,/i(Q p ),...,/i(Q p )), 

where the multiplicity of each h(Q 1 ) is determined by rk(Q l ). Because X has volume 
one, we see by (4.15) that H^H^ = Yl^i^h which is independent of the metric used to 
define the projections tv % . Following Atiyah and Bott, given any two r-tuples /2, A satisfying 
Hi > A*i+i, A, > Aj+i, and YH=i Hi = Yh=i tnen we sa Y 

r r 

fl < A /ij < Aj for all k — 1, r. 

j<k j<k 

Next we consider the convergence results of Hong-Tian. They show that on X\Z an 
and along a subsequence, Aj — > Aoo in C°° modulo unitary gauge transformations. Since 
\AF t \ c o is uniformly bounded along the flow, the L 2 norm of AFoo is defined on all of 
X, and we see that \\AFj — AF^ 2 ^,^ goes to zero as j tends to infinity. Furthermore, 
since A^ is Yang-Mills, we have that the eigenvalues of AF^ are locally constant, given 
by Ai > ... > A r (counted with multiplicities). Conisder the following lemma: 

Lemma 2. Let S be any torsion free subsheaf of E of rank s. Then deg(S) < J2 i<s Aj. 

Proof. Recall that along the Yang-Mills flow, the holomorphic structure of E evolves by 
the action of Wj. Let tvi be the orthogonal projection onto the subsheaf Wj(S). We then 
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have: 



Jx 

< [ Tr(AF 00 o7r j )u n + [ Tr((AF i -AF 00 )o 7 r i V n 
Jx Jx 

< [ ^(AFooOTTj-K+HAFj-AFoollla. 

Jx 

We need the following claim from linear algebra: 

Claim 1. Let V be a finite dimesional Hermitian vector space of complex dimension r. 
Let L G End{V) be a Hermitian operator with eigenvalues Ai > ... > A r (counted with 
multiplicities). Let n denote orthogonal projection onto a subspace of dimension s. Then 

Using this claim, we se that 

deg(S) < ^Ai + HAFj-AFooll^, 



i<s 



and the result follows by sending j to infinity. □ 



Now, let Aj be a sequence of connections along the Yang-Mills flow with Hong-Tian 
limit Aoo. Let jx be the Harder-Narasimhan type of E, and A the eigenvalues of AF^. 
Then we have that jx < A. To see this, reacall S l are the subsheaves defining the Harder- 
Narasimhan filtration, and let them have corresponding rank s l . By the previous Lemma 
we have deg(S l ) < ^2 j<s i^j for all i. We also have that deg(S l ) = J2 j<s ipLj- Thus for 
each s l we have 

Now, jx < A follows from Lemma 2.3 in [4]. We are now ready to prove Proposition 7. 

Proof. For any initial connection Aq on E, let A t be the solution of the Yang-Mills flow. 
Since the Hermitian- Yang-Mills energy is decreasing along the flow, we know that for all 
t: 

\\AF Ao \\ 2 L2 > \\AF At \\ 2 L2 . 

By the convergence results of Hong-Tian that there exists a subsequence so that AFj — > 
AFoo in L 2 , and that AF^ has constant eigenvalues A. We then have: 

r 

||A^4 ± ||| 2 > IIA^Hl, = 5^Af. 

i=l 
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— * 

Yet as we have just seen, fx < A. Thus from Proposition 12.6 in [1] we have 



r 

2 



□ 



i=i i=i 

The proof of the Proposition is complete by noting X^iA 4 ? = H^lli 2 ? so 

IIA^olll, > l|A^||| 2 > HAFoolli. = X> 2 > j^rf = II*" 

i=i i=i 

We can now prove the main Proposition from this section: 
Proposition 8. Along the Donaldson heat flow we have the following convergence: 

||AF t -* t |||2 — >0, 

as t approaches infinity. 

Proof. We first show that we have L 2 convergence of AF t — ^ t along a subsequence. Note 
that this L 2 norm is computed with respect to the evolving metric H. As a fist step, we 
show that for all times along the Donaldson heat flow, we have the inequality: 

\\AF t -%\\ 2 L2 <2 / Tr((AF t -V t )(AF t -n(E)I))u n . (4.16) 
Jx 

Expanding out the left hand side gives: 

Tr(AF t 2 - 2AF t ^ t + ^ 2 )u n , 

' x 

while the right hand side is given by 

/ Tr(2AF 2 - 2AF t * t - 2fi(E)AF t + 2fi(E)^ t )co n . 
Jx 

Thus the inequality (4.16) reduces to 

\\-i>\\ 2 L2 <\\AF t \\ 2 L2 + 2pL(E) [ Tr(%-AF t )u n . 

Jx 

Yet ty t is constructed so that Tr(^ t ) = deg(E), so the second term on the right van- 
ishes. Thus inequality (4.16) follows from Proposition 7. Note that the term on the right 
hand side of inequality (4.16) is minus the time derivative of the P functional along the 
Donaldson heat flow. 



L 
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We now have that: 

poo poo p 

/ ||AF t - %\\ 2 L 2dt < 2 / Tr((AF t - %)(AF t - fi(E)I))u n dt 
Jo Jo Jx 

POO 

= -2 / d t P(H ,H(t))dt 
Jo 

= 2P(H , H ) - lim 2P(H , H(t)) < C, 

t—too 

which is bounded since the P functional is bounded from below. Thus there exist a 
subsequence of times along the Donaldson heat flow where 

Y(t) := ||AF t -* t ||i 2 — >0, 

proving there exists an L 2 appoximate Hermitian structure on E along this subsequence 
of times. Note that 

00 rm+l 

/ Y(t)dt < 00, 

m=0 J™ 

hence we can find a subsequence t m G [to, to + 1) with Y(t m ) — > 0. 

Next we show such a structure exists for any subsequence of times. Note that \P can 
be rewritten as: 

i 

where the q are all positive constants since the Harder-Narasimhan filtration is slope 
decreasing. Also, note that the time derivative of the projection 7r* along the path H t is 
given by d t ir l = 7r l (if t _1 d t ift)(.r — n 1 ). We compute how Y(t) evolves with time: 



d t Y(t) = 2 / Tr ((d t AF - d t V)(AF - #))cu n 
Jx 

= [ Tr(AAF(AF - ^))w n - Vc 8 I ^{^{H^dtH^I - ^){AF - q))uj n 
Jx • Jx 

< [ g fk Tr(V- k AFV^)co n + V c, / Tr(7r*(AF — (j,(E)I)(I — 7r*)(AF — \l/))u; n , 

after integration by parts on the first term. Note that ir l (j,(E)I(I — ir l ) = 0. Now, the 
part of AF that sends S l± to S" 1 is — g^V jV , where Vj is the covariant derivative for 
Hom(S l± , S l ). The difference between Vj and Vj is two second fundamental form terms, 
or 

So we have 

/ TriTv^AF - fi(E) I) (I -7v l )(AF -y))iu n = - [ Tr(g i '°V j V Ji ir i )(AF - *))u n , 
Jx Jx 
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and the right hand side is bounded by 

Tr^VjVfcTr^AF -^))u n + C\\V7i t \\ 2 L2 , 



L 



' X 

where we used the L°° bound for AF. We then have: 



J> / T^Vj-VsTr'ttK = / Tr(^V,V^) = -||VW||i 2 <0, 

Thus returning to our initial computation of <9<F(t) and applying Holders inequality we 
have: 

d t Y(t) < CollVAFll^HV^II^ + CllV^llia. 

< C \ | VAF| || 2 + C||V^| |£ 2 (4.17) 

We show both terms on the right hand side go to zero as t approaches infinity. Recall that 
along the Donaldson heat flow we have d t ||AF||| 2 = -2||VAF||| 2 - Set /(*) = \\VAF\\ 2 L2 . 
Then since J °° f(t)dt < oo, and <9 t ||AF||| 2 < 0, we know that for all times t the function 
f(t) — > as t goes to infinity. 

We now do the same for ||V\I/||| 2 . As a first step we show that for any 7r* from ^ we 
have that ||V7r J ||| 2 goes to zero along a subsequence, and to do so we need a modification 
of the Chern-Weil formula. Once again recall that u is normalized so f x u n = 1. We have 

/ Tr(* o 7r> n = V / Tr( / u(g fc )(7r fc -7T fc - 1 )o7r> n . 
Jx k Jx 

However, if k > i, then because the Harder- Narasimhan filtration is ordered by inclusion 
we know n k o n l = tt 1 , so 



/ Tr(^o7r> n = Y] I Ti (fi(Q k ) (ir k -7r k - 1 ))cu n . 
Jx k<i Jx 

k<i k<i 

We note that deg(Q fc ) = deg(S ,fe ) — deg(S ,fe " 1 ), so the sum J2 k<i deg(Q k ) is a telescoping 
sum. Thus the only contribution is the term coming from k = i, so by the Chern-Weil 
formula: 



k<i 

Thus 



V deg(Q fe ) = deg(^) = / Tr(AF o ix l ) - 1 1 Vtt 

Jx 



i||2 
L 2 • 



[ Tr(^o7r> ri = Vdeg(g fe ) = I Tr(AFo7r J ) - HV^H^. 

Jx k<r Jx 



23 



Therefore, for each projection 7r* in our sequence along the Yang-Mills flow, we have the 
following formula: 

||V7r*||2 2 = f Tr ((AF - ^) o vr> n . 
Jx 

And because the eigenvalues of n % are either or 1, it follows that 



||V7r l ||2 2 < / |AF — ^\co n . (4.18) 
Jx 

This gives: 

IIV^H^ < ||AF-*|| £ i < ||AF-*|| i2 , 

where the last inequality follows since the volume of X is one. Squaring both sides gives 
||Vvr l ||^ 2 < an d thus ||V7r*(t m )||^ 2 goes to zero as m goes to infinity. Therefore the 

square root ||V7r*(£ m )||| 2 goes to zero as m goes to infinity as well. 

We now show ||V7r*||^ 2 goes to zero for all time t approaching infinity. To do so we 
prove a simple differential inequality. We apply the Chern-Weil formula to the projection 
evloving along the flow, and take the derivative in time: 

d t \\V7r l \\ 2 L2 = [ Tr(^AF7r> n + / Ti(AFd t 7v i )co n 
Jx Jx 

= [ Tr(AAF7r> n - I Tr(AF7r i AF(7 — n^u 71 , 
Jx Jx 

Note the second term on the right is non-positive. Now we now integrate by parts twice: 

dtWWWl* < [ T^AiV^-VsTrV 
Jx 

= [ Tr(AF(^V, + ^V^Vstt* - g fk V- k 7rW^))u n 
Jx 

< - I Tr(AF7r i AF(7-7r i ))a; n + (71^^1112 < C| | Vvr l | |^ 2 . 
Jx 

This proves ||V7r l ||^ 2 goes to zero for all time t approaching infinity. 

We now return to (4.17). Set g(t) = ||V*||| 2 - We have seen that both f(t) and g(t) 
go to zero for all t approaching infinity. Pick ate [m + 1, m + 2). Integrating both sides 
of (4.17) from t m to t we get 

/ d s Y(s)ds < f f(s)+g(s)ds, 

which implies 

Y(t)<Y(t m ) + 2 sup (f(s) + g(s)). 

Sending m to infinity we see Y(t) goes to zero. Thus there exists an L 2 approximate 
Hermitian structure along the Donaldson heat flow. □ 
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At this point we can now prove Theorem 2 as stated in the introduction, generalizing a 
result of Atiyah and Bott. First we review some notation. Consider a flag J 7 of subbundles: 

= E° C E 1 C • • • C E q = E. 

Define J 7 to be slope decreasing if n(E l ) > fi{E 2 ) > ... > fi(E). Let Q 1 = E x jE' l ~ 1 , and 
recall that 



= Emq 1 ) 2 ^)- 



i=0 



We now prove that for all T slope drecreasing: 

inf ||AF A |||a = sup$(.F) 2 



A 



Proof. We begin by showing supjr$(J r ) 2 = H^/rllf^- Since we already know the supre- 
mum is attained if J 7 is the Harder-Narasimhan filtration of E, all we need is H^hII^ = 
Yli=o f J, {Q t ) 2 ' r k{Q t ), which follows directly from (4.15). We drop the H from since 
this norm is independent of metric. To concluded we show inf A ||AFa||^ 2 = H^H^- One 
inequality follows from Proposition 7, which states ||AFh-||^ 2 > 1 1^1 1^2 for all metrics H. 
The infimum is now obtained by taking a sequence of metrics H t where t — > oo along the 
Donaldson heat flow. □ 

We now demonstrate how Proposition 8 gives an L 2 approximate Hermitian structure 
along the Yang-Mills flow. First we state a fact about adjoints. In local coordinates, the 
adjoint of an endomorpism A with respect to the metric H is given by 



A* a p = H^AP^Hp 



Notice now that if we wanted to compute the adjoint with respect to the metric H , 
denoted by *o, we have 

A * a^ = H ^JJT Hm = H?H^H v *A\H 9ri H r >PH QP f i = h a v A*\hr lr > p . 

Thus in matrix notation we have A* = hA*hr l . We now see that ||AF||| 2 ^ = HAF^H^^, 
since by (2.10) we have 

||AF||| 2(H) = I Tr(AFAF*)w n = / Ti{w-^F A w{w~ l KF A w)*)u n 

J X J X 

= [ TriAFAhAFXh- 1 )^ = [ Tr(AF A AF* A °)uj n = | \AF A \ || 2 
Jx Jx 

Next we need to relate our projections evolving along the Donaldson heat flow to 
projections evolving along the Yang-Mills flow. In the case of the Donaldson heat flow, 
the orthogonal projection ir t onto a fixed subsheaf S C E evolves due to the fact that 
the metric H is changing. Along the Yang-Mills flow, our metric Ho is fixed, however the 
subsheaf S is acted on by the complexified gauge transformation w. Thus the projection 
n w onto w(S) evolves as well. 
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Lemma 3. The two evolving projections are related as follows 



7C W = W7T t W 1 

Proof. It is immediately clear that (wntw^ 1 ) 2 = wiitw^ 1 , so wirtw -1 is a projection onto 
the subsheaf w(S). We complete the lemma by showing it is unitary with respect to H . 

{wTCtVJ- 1 )* = W-\T: t y o W = h- 1/2 hTl* t h~ l h l/2 = W7r t W-\ 

□ 

From this lemma we see that w^tW 1 = where \P t is evolving along the Donaldson 
Heat flow and ty w is evolving along the Yang-Mills flow. It follows that 



\kFt-*t\\h(H) 



= [ TtHw^AFaw -^ t )(w- l AF A w -^ t Y)to n 
Jx 

= [ TriAFA-w^tW^hiAFA-w^tw^yh,- 1 )^ 
Jx 

= [ Tr(AF A -V w )(AF A -y w y°)uj n 
Jx 

= ||AF A - ^ w \\h(H )- 



Thus we see that the Yang-Mills flow realizes an L? approximate Hermitian structure as 
well, proving Theorem 1. From this point on we abuse notation and also refer to the 
endomorphism evolving along the Yang-Mills flow as \l/ t , and which endomorphism we are 
using will be clear from context. 



5 Construction of an isomorphism 

In this section we use Theorem 1 to better understand our limiting connection and 
using our previous work ([12], [13]) we are able to prove Theorem 3. We recall our basic 
setup. Let A t be a family of connections evolving along the Yang-Mills flow. By a result 
of Hong and Tian [11], there exists a subsequence of connections Aj which converge in 
C°° (on X\Z an and modulo unitary gauge transformations), to a Yang-Mills connection 
Aoo. Thus, always working on X\Z an , we have a sequence of holomorphic structures 
(E,dj) which converge in C°° to a holomorphic structure on a (possibly) different bundle 

(-E'oo) "9oo)- 

We can now identity the Harder-Narasimhan type of the limiting connection A^. Since 
is Yang-Mills, we have that AF^ solves the following equation: 

-idooAFoo + idooAFoo = 0. 
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In particulart AF^ has locally constant eigenvalues, which means that about any point in 
X\Z an , we can choose coordinates so that AF^ has the following form: 



AF OD = 



( Aiii ••• \ 
A 2 / 2 ••• 

\ • • • X p Ip ) 



(5.19) 



Here Jj are identity matrices whose rank is determined by the multiplicity of each eigenvalue 
Aj. Assume that the eigenvalues are decreasing Ai > A 2 > ■ • • > \. Now because E realizes 
an L 2 approximate Hermitian structure along the Yang-Mills flow, we can precisely identify 
the eigenvalues AF^, so Aj = fJ-(Q l ), and rk(Ii) = rk(Q l ). 

Furthermore, because AFoo is of this special form, we know it will decompose Eoo into 
a direct sum of stable bundles: 

E 0D = Q 1 00 ®Ql ®---(BQl D , (5.20) 

each admitting an induced smooth Hermitian-Einstein connection. Let Z = Z an U Z a \ g . 
Working on X\Z, we prove the direct sum (5.20) is isomorphic to the graded double 
filtration Gr hns (E), which is the subject of the following proposition: 

Proposition 9. Working with (5.20) above, on X\Z each Q 1 ^ is isomorphic to a specific 
stable quotient from Gr hns (E). 

We prove this proposition at the end of this section. First we need some convergence 
results. Consider the L\ projections which define the Harder-Narasimhan filtration of E: 

C 7T° C 7T 1 C 7T 2 --- C 7T P C E. (5.21) 

Recall that along the Yang-Mills flow we have a sequence of endomorphisms Wj which 
define the action given by (2.9). The action of Wj also produces a sequence of nitrations 
{tTj}, where each 7r* is defined by orthogonal projection onto the subsheaf Wj{jt % ). Our 
first goal is to show that this sequence of nitrations converges along a subsequence. 

We use two main assumptions to show convergence of a sequence of projections, then 
show these assumptions hold in our particular case. 

Proposition 10. Let n be the L\ projection associated to a subsheaf T C E , and let Z{T) 
be the singular set of T . Let Aj be a sequence of connections along the Yang-Mills flow. 
The action of Wj produces a sequence of projections {nj} defined by orthogonal projection 
onto the subsheaf Wj(rr) . Assume that: 

i) For any compact subset K C X\(Z an U Z{T)\ we have Aj — > Aoo in C°°{K). 
™) Wdj^jWh — > 0. 

Then there exists a subsequence of projections (still denoted %j) which converges in L\ to 
a limiting subsheaf n^. Furthermore, under the same assumptions the limiting projection 
7TQO is smooth away from Z an U Z{F). 
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We note that assumption ii) gives that splits Eoo holomorphically. A similar propo- 
sition is proved in [12] , however we include all the details here for the readers convenience. 

Proof. By assumption ii) we have ||9j7rj]|^ 2 goes to zero as j — > oo. Beacuse ttj = n* 
it follows that |9,-7r,-| 2 = \djiTj\ 2 , thus we have djiTj is uniformly bounded in L 2 and Tij 
converges along a subsequence to a weak limit ir^ in L\. We must show that ir^ is a 
weakly holomorphic subbundle as defined in [19] or [23], and thus represents a coherent 
subsheaf. This means we have to show (/ — 7Too)5oo7roo = in L? . Working on a compact 
set K specified in assumption i), we have: 

BoolTj = BjTTj + (Boo - dj)-Kj, 

so it follows that 

\\Boo^j\\LHK) < \\djnj\\&(K) + I Poo ~ B^TTjWtf^ 

< H^i^'IlL 2 ^) + 114? _ ^-oo\\L^(K)\\^j\\L 2 (K), 

We have that Aj — > in L°°(K) by assumption i). Because | \djHj\ |^2 — > it follows 
that H^oo^'IIl 2 ^) — )■ 0. Finally, from the simple formula: 

<9oo7Too = BooTlj + ^00(^00 — TTj), 

we see that 

||<9 00 7r 00 || L 2(^) < Wdoo-KjW^^ + ||9oo(7roo - Kj)\\L 2 (K) 
= I \dooTTj 1 1 L 2 (K) + Ikoo - 7TjlUf(K)- 

The left hand side is independent of j, so we would like to send j to infinity proving 
I l^ooTTool \l 2 (k) = 0. We have to be careful about the second term on the right since 7ij only 
converges to tt^ weakly in L\. However, we can achieve strong L\ convergence along a 
subsequence. Now equation (2.6) describes how a connection decomposes onto subbundles 
iTj with quotient Qj. From this formula we see that the second fundamental form is just 
one component of the connection Aj, so we have: 

/ |V^-7r,)|V*< [ \Vj{Aj)\ 2 u n <C, 

J K J K 

where Vj is the induced connection on Hom(Qj, tcj). The bound on the right follows from 
assumption i). Thus ttj is bounded in L 2 ,, and thus along a subsequence we have strong 
convergence in L\. It follows that 1 1 B^^ \ \l 2 {k) — 0. This holds independent of which 
compact set K we choose, so 

||9oo7r 00 || L 2( X \ Zon ) = ||<9 00 7T 00 || L 2( X ) = 0, 

since Z an U Z(J^) has complex codimension two. Thus tt^ is a weakly holomorphic L\ 
subbundle of {Eoo^B,^). Furthermore, because the eigenvalues of the projections Hj are 
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either zero or one, we know that rk(7r 0O )=rk(7r : ,). It also follows that fi(n) = /x(7Too), since 
degree does not depend on a choice of metric. 

We now prove Hoo is smooth away from Z an U Z{T). By (2.6) we know the C k norm of 
the second fundamental form 7 J associated to each subbundle is less than the C k norm of 
the connection V: 

||7 j (0)IIg-<I|V(0)||c- 

In particular, considering our convergent subsequence of connections along the Yang-Mills 
flow, we have on compact subsets K away from the singular set: 

1 1 (l 3 ~ 7°°) (0) 1 1 cHK) < 1 1 ( V J - V 00 ) (0) \\ CHK) — ► 0. 

Thus we have smooth convergence of second fundamental forms, and because 7 J = dj7Tj, 
we know we get smooth convergence of the projections irj. 

□ 

We now show that the assumptions of Proposition 10 hold for the projections that 
make up the Harder-Narasimhan filtration (2.2). By taking a subsequence of connections 
along the Yang-Mills flow, assumption i) is clear from the result of Hong and Tian [11] 
(also, see [22]). For assumption ii), recall inequality (4.18): 

Il^-Trjllk < / [A^-^-K. 
Jx 

E admits an L 2 approximate Hermitian structure along the Yang-Mills flow, thus assump- 
tion ii) holds for all subsheaves in (2.2). We therefore we get convergence to a limiting 
filtration away from Z: 

7ri, C ■ • • C 7rL = E^c. 



oo ^- oo 



oo • 



In the following lemma we prove two important facts about the quotients = Tr^/V, 

Lemma 4. Each quotient Q 1 ^ = ti' l 00 /'k 1 00 1 is semi-stable. Furthermore, Eoo splits as a 
direct sum: 

E 00 = Q 1 00 ®---®QV- (5-22) 

Proof. We begin with the subsheaf of highest rank vr^ 1 . Because the second fundamental 
form 1 1 Btt^ 1 1 | 2 2 = 0, the induced curvature on is just 

AFg = (I-i I £ 1 )oAF O0 o(I-i I £ 1 ). 

Thus, because rk(I p _i) = rk(I — n^ 1 ), we know AF® P = \ P I P (where the eigenvaule 
A p is defined in (5.19)). So admits a Hermitian-Einstein connection, and thus it is 
semi-stable. 

Now, II^tt^ 1 !!^ = implies that E^ splits as a direct sum E^ = n^ 1 © Q^. This 
splitting, along with the fact that ||<97r^ 2 || 2 2 = 0, implies the second fundamental form 
with respect to the inclusion n^ 2 C n^ 1 is zero, from which it follows that: 

Ai^ 1 = (tC 1 " ^ 2 ) o AF^ o (vr^ 1 - tC 2 ). 
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We continue in this way down the entire filtration. Each Q 1 ^ admits a Hermitian-Einstein 
connection, and thus it is semi-stable. The decomposition (5.22) follows as well. 

□ 

Because each Q 1 ^ is semi-stable admitting a Hermitian-Einstein connection, we know 
Qlc will decompose into a direct sum of stable bundles. These stable bundles make up 
the direct sum (5.20), and it is on this level that we must construct the isomorphism with 
Gr hns {E). 

Lemma 5. Given a sequence of connections Aj along the Yang-Mills flow, the induced 
connections on Q l realize an L 1 approximate Hermitian-Einstein structure 

Proof. For a subbundle n 1 in the Harder-Narasimhan filtration, the induced curvature 
satisfies the following inequality: 



\AF sz \u n < [ Ivr* o AFovr> n + IMI^. 
Jx 



I X 

Now, because the second fundamental form for the inclusion n 1 ^ 1 C n l is given by dn 1 ^ 1 — 
Btt\ the induced curvature on Q l = S^-fS' 1 ^ 1 satisfies the following: 

/ \AF Qi \u n < [ \(I - ti 1 - 1 ) o AF S * o (I - n 1 - 1 )^ 1 + \\dn l \\l 2 
Jx Jx 

+ \\d7v i - 1 \\ 2 L2 + 2\\d% i \\ L 2\\d7r i " 1 \\ L2 . 
Putting the last two inequalities together we see: 

/ \AF Qi \u n < [ - n 1 - 1 ) o AF o (n l - n'- 1 )^ 71 + 2\\dn l \\ 2 L2 
Jx Jx 

+ +2pvr l || L 2p7r i - 1 || L 2. 
Thus, along a subsequence Aj we have the following: 

J \AF? - n(C?)I\u n < J \(n l -n l - 1 )o(AF J -^ j )o(n i -n l - 1 )\oj n + 2\\drt\\l 2 

+||^- 1 ||i a + 2||5 J -7r*||^||a j < 1 || £a . 
Now we apply (4.18) to get the desired estimate: 

/ \AFf - fi(Q l )I\cu n <6 [ \AFj - $>j\uj n . 
Jx Jx 

This completes the lemma. □ 
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We now turn to convergence of the Seshadri nitrations. Since each quotient Q l in the 
Harder-Narasimhan filtration is semi-stable, it admits a Seshadri filtration 

0c5|c?C-C§ = Q\ (5.23) 

where fx(S^) = pi(Q l ) for all k, and each quotient Q\ = Sf/S^ 1 is torsion free and stable. 
Here, just as in Section 2.1, the subscript i on Sf denotes that we are working with the 
Seshadri filtration from the i-th quotient from the Harder-Narasimhan filtration. Let 

be the filtration of L\ projections corresponding to (5.23). We show for all k that the 
sequence of projections (vrf)^ converges to a limiting projection (7^)00 in L\ along a sub- 
sequence. To do so we need to check that this sequence satisfies the assumptions of 
Proposition 10. For the first assumption, it is enough to note that by Proposition 10, the 
projections tt 1 are smooth away from the singular set Z, and thus the induced connections 
on the quotients Q % converge in C°° on compact subsets away from Z. For assumption ii), 
we use the following modification of the Chern-Weil formula: 

M^f) = KQ' 1 ) + -^r^f x Tr « Ai f ' - MW) ° - WdjtfWb)- (5-24) 

Because fi(S^) = /i(Q l ), we have 

ll^(7ff),-||| 2 = f Tr((Aif * - MW) o 
Jx 

which goes to zero by Lemma 5. Thus we can apply Proposition 10 to (frf )j, and get that 
the Seshadri filtration converges to a limiting filtration: 

0c(^ 1 ) 00 c(^) 00 c---c(7fr 1 )oocgj x) . 

Since the norms of the second fundamental forms go to zero, this filtration decomposes 
Q 1 ^ into a direct sum of quotients (Qf)oo- In fact, at this point in the argument we 
can apply the author's previous work to construct an isomorphism between @ fe Q\ and 
(Bk(Qi)°°i which follows exactly from Theorem 1 from [13] . Thus, on X\Z we have 
an isomorphism between Q 1 ^ and Gr s (Q l ). In fact, as described explicitly in the proof 
of Theorem 1 from [13], the construction of an isomorphism Q 1 ^ and Gr s (Q l ) starts by 
considering the subsheaf of lowest rank from Gr s (Q l ), and working with subsheaves of 
higher and higher rank until an isomorphism has been constructed for the entire filtration. 
Since this process is independent of i, applying this argument inductively to each quotient 
sheaf Q\ we construct an isomorphism between Gr hns (E) and ©j © fc (OiOoo- Since the 
direct sum of quotients from any Seshadri filtration is unique, we know ©^©^(Q^oo is 
isomorphic to © p Q^o (from (5.20)), proving Proposition 9. 
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We have now constructed, on X\Z, the following isomorphism: 

Gr hns (E) = E^. (5.25) 

In order to prove Theorem 3, we need to show this isomorphism can be extended to an 
isomorphism between Gr hns (E)** and the Bando-Siu extension E^ on all of X. As a first 
step we show that Eoo can be extended over Z as the reflexive sheaf Gr hns (E)**. To do 
so, notice that: 

V{X\Z, Gr hns {E)) = T(X\Z, Gr hns {E)**), (5.26) 

since Gr hns (E) is locally free on X\Z. Since all holomorphic functions can be extended 
over Z by a result of Shiffman from [18], because Gr hns (E)** is reflexive it is defined by 
Hom(Gr s (E)*, O), which allows us to see that: 

T(X\Z, Gr hns (E)**) = F(X, Gr hns (E)**). 

Combining this isomorphism with (5.26) we have 

T(X\Z, Gr hns (E)) = F(X, Gr hns (E)**). (5.27) 

Thus, using (5.25), we see that E^ extends over the singular set Z as the reflexive sheaf 

As stated in [3], the existence of a Bando-Siu extension E^ is a consequence of Bando's 
removable singularity theorem [2] and Siu's slicing theorem [20]. Aside from those refer- 
ences, we also direct the reader to [13] for a detailed description of the Bando-Siu sheaf 
extention in this case. The relevant fact for us now is the uniqueness of the sheaf exten- 
tion which is proven in [20]. This uniqueness theorem is characterized by the fact that 
given any other reflexive extension (in our case Gr hns (E)**) , there exists a sheaf isomor- 
phism : Eoo — > Gr hns (E)** on X, which restricts to the isomorphism constructed in 
Proposition 9 on X\Z. This completes the proof of Theorem 3. 

Thus even through we do not know whether Z an depends on the subsequence Aj, the 
limiting reflexive sheaf E^ (defined on all of X) is canonical and does not depend on the 
choice of subsequence. We have the following corollary of Theorem 3: 

Corollary 2. The algebraic singular set Z a[g is contained in the analytic singular set Z an . 

Proof. We prove Z a \ g C Z an . Suppose there exists a point Xq G Z a i g which is not in Z an . 
We know there exists a quotient Q\ from Gr hns (E) such that Q\ is not locally free at x . 
Yet by Theorem 3 we know Q l is isomorphic to some Q 1 ^ from the direct sum E^ = © p <3^, 
and since E^ is a vector bundle off Z an we know Q\ is locally free there. 

□ 

It would be quite valuable to know the other set inclusion, proving that in fact Z a[g = 
Z an . This would show that the bubbling set Z an is unique and canonical, and does not 
depend on the subsequence we choose along the Yang-Mills flow. However, to do so a 
much more detailed analysis of the singular set is needed. 
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